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12 A Visit to Valuation and
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INTRODUCTION

Throughout this paper, R denctes a commutative domain with
1#0 and K dencotes the guotient field of R. Recall [9], a
prime ideal P of R is called strongly prime if x,yeK and
xyeP imply that x€P or yeP. If every prime ideal of R is
gtrongly prime, then R is called a Pseudo-Valuation Domain
( abbreviated PVD }. In this paper, we give alternative
proofs of some well-known results in [2], [9]. Let P
nonzero strongly prime ideal of R. If P contains a prime
element of R, then we show that P is a principal maximal
ideal of R and R is a valuation domain. Furthermore, we
give an alternative proof of the fact [2, Proposition 4.3 ]
that P =(P:P)={ xeK : =xPCP } is a ring and we give a more

general version of this fact.

Part of the following result appeared in
[ 9, Corcollary 1.3 1 and a stronger versicn appeared in
[ 2, Propesition 4.2 | But the procof we give here 18
gomewhat different from those in {9] and [2]
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PROPOSITION 2. A domain R is a PVD if and only if a maximal

ideal of R ig strongly prime.
We only nged to prove the converse. Let M be a
By the first

Proof:
maximal ideal of R that is strongly prime.
part of the above Proposition, we conclude that R is quasi-
Let P be a primé

If x and v are in R, then xeP

local and M is the maximal ideal of R.
d P

ideal of R and x,yeK and xye
or yeP. Hence, suppose x2R. Since xyeM and x¢R, we have
veM. Suppose y&P. Then y* ig not in P and therefore

d={y"/xy)&R. But dx=yeM and neither % nor 4 is in M, a

tion. Thus, yeP and P is strongly prime.
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proposition was first proved in
2.2 1. The proof in [9] depends upon

I that a GCD-domain whose primes are

must be a valuation domain.
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PROPOSITION 3.

f it is both

Proof We only

both a GCD-domain P ]

% and a,b be nonzero nonunit slements of R. Suppose
g.c.dla,bj=d such that d is associated to neither a nor b.
Let m=a/d and n=b/d Then neither m nor n is a unit in R

Tt is well-known [ 12, Theorem 49, P. 32 1 that
c.d(m,n)=1 and g.c.d{m,n’)=1. Hence, g=(m/n}gRk and
= (n?/m)gRrR. But gh=neM, a contradiction, since neither g nor

h is in M.
Now, we state the following result

PROPOSITION 4. Let P be a nonzero strongly prime ideal of

contains a prime element of R, then P is a principal

h
lao]

R. I
maximal ideal of R.
proof: Suppose that P is nonmaximal. Then there exists a
nonunit element x in R such that x¢P. Let peP guch that p
element of R. By Proposition 1, we have PC ().
cular, peix), a contradiction, since p is prime and
%gP and x is a nonunit element of R. Hence, P is a maximal
ideal of R. We claim that P=(p). Deny. Then there existe
veP such that d=(y/p)€R. Hence, h={(p?/yv)¢R. ( Cbserve that
if {(p?/y}eR, then either p divides v or v is a unit 1in R,
and in both cases we have a contradiction.) But dh=peP,

a contradiction. Thus, P=(p).

COROLLARY 1. If P is
ideal of R, then P is maximal

Tt was shown | 9, Corcllary 2.9 j, that if R is a PVD and
it has a nonzero principal prime ideal of R, then R 18 &
valuation domaln The proof in [9] relies on
[ 9, proposition 2.8 and Lemma 1.6 ] We give an
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alternative proof of this fact.

PROPOSITION 5. If a PVD R has a nonzero principal prime

ig a valuation domain.

ey

R b . e
ideal, then

eal, the
Proof: Let P=(p) for some prime p of R be a principal prime
ideal of R. By Corollary 1, P is a maximal ideal of R. Let
%,y be nonzero nonunit elements of R. Suppose d={x/y)&K-R.
Let h={py/x). Since dh=pepP and d¢R, we have heP. Thus,
py=xz where z=h={py/x)€P. Hence, p divides z and therefore

%
x divides y. Thus, R is a valuation domain. -

Remark: It is shown [ 6, Corollary 2.4 ] that a nonzero
principal prime ideal of a going down domain ( denoted GD-
domain) is a maximal ideal. Since every PVD domain is
divided ( that is, for every prime ideal P of R, we have
P=PR, ), see [ 6, section 4 ], and every divided domain is a
GD-domain, see [ 5, Proposition 2.1 ], one may conclude that
the principal prime ideal in the above Proposition is a

maximal ideal of R.

A stronger version of [9, Corollary 2.9 ] is the following

COROLLARY 2. Suppose a domain R has a nonzero principal
strongly prime ideal. Then R is a valuation domain.
Proof: By Proposition 2 and Corollary 1, R is a PVD.

Hence, by Proposition 5, R is a valuation domain.

It was shown [ 2, Proposition 4.3 ] that if P is a

nonprincipal strongly prime ideal of R, then P'=
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(P:P} = { xeK : xPCP } is a valuation

that P’ iz a ring depends upon
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comparable to every princi-
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ideal o
P is st-
a valuat
Proof:
/deR, ¢
and dgp
have p/c
cipal, =
Pr={(p:p,;
Suppos
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hat p*
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Anders
ideal I,
(1)
(2}

principa

We term

PROPOSIT:
a nonzer
(1) I is
{(2) 1
ideal of

Proof:
definitic
implies

5=R-1 anc
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PROPOSITION €. Suppsse p is a nonprincipal divided prime
T

ideal of R. Then P’ = (p:P) is & ring Tn particular, if
p is strongly prime and nonprincipal, then P~ 18

a valuation domain.
proof: let x€P’. Suppos

e
p/der, since (pycid) by the hypothesis. 8ince (p/d)d=peP
o

and dep and P ig prime and both p/d4, d are elements of R, we
have p/deP. But w(p/dy=d/d=1 and therefore P=x 'R is prin-
cipal, a contradiction. Hence, depP, a contradiction. Thus,
pl=(pP:P) ig a ring.

Suppose P 1is nonprincipal and strongly prime. Then P is

comparable to every principal ideal of R by Proposition 1 o
[ 2, Proposition 4.2 1. Hence, P is & ring. The proof

that P is & valuation domain is given in

[ 2, Proposition 4.3 1.

anderson (2, proposition 4 .61 showed that for a nonzero
ideal I, the following two statements are equivalent
(1) 1 is a nonprincipal strongly prime ideal.
(2)
principal fractional ideal of K.

1 {g a ring and I is comparable to every

i

We terminate our sisit with the following Proposition

PROPOSITION 7. The following statements are egquivalent for
a nonzero proper ideal I of R.

(1) I is & nonprincipal divided prime ideal.

(2y 1 ig a ring and I is comparable to every principal
ideal of R.
Proof: (1} implies (2} is clear from proposition 6 and the
definition of divided prime. We only need show that (2

ime
implies (1) . gince 1 is a ring, 1 {s nonprincipal. Let
= 7

g=R-I and let x,YES. gince I i
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